MATH 251, Mariano Echeverria

Problems on Vector Geometry

This material corresponds roughly to sections 12.1, 12.2; 12.3 and 12.4 in the book, as
well as the study guide Vector Geometry.

Problem 1. Find the vector v of norm 3 that makes an angle of ?jf radians
with the positive z axis.

The vector is
()

Problem 2. Determine whether the vectors 1@ and @ are parallel, where
A=1(0,2,5), B=(3,8,2), C =(3,5,—7) and D = (8,15, —12)

{Z§ B—A=(3,6,-3)

CD=D—C=(510,-5) @

If the vectors were parallel, one can find a real number such that
CD = tAB 3)

In other words, we need to solve

5=3t
10 = 6t (4)
5= -3t

The solution of this system of equations is t = 3 so the vectors are parallel. Alternatively,

one can observe that
CD x AB = (0,0,0) (5)

which as I mentioned in class is another way of verifying whether they are parallel or
not.

Problem 3. Consider P = (1,3), Q@ = (5,—-1), R = (2,3), S = (,2) where x is
unknown.

1) Find }% and RS



2) Find the value of = so that 1@ and ]ﬁ become parallel.
3) Find a unit vector in the direction of R

1)
]@:Q_P:(Zlv_él) (6)
RS=S-R=(z—2-1)
2) we want to find a number ¢ so that
This gives the equations
4 =t(x—2)
{0, (5)
which has solution
z=3 (9)
3) the vector is
o RS  (1,-1) (10)
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Problem 4. 1) Write the equation of a sphere with center P = (1,—-1,3) and
radius 2.

(-1 +@y+12+(z-3)2=4 (11)

2) Find the value (or values) of ¢ such that Q) = (2, —1,¢) is on the sphere.
We need @ to satisfy the previous equation, that is,

212+ (-1+1)*+(c—3)*=4 (12)

which gives
c=3+V3 (13)

Problem 5. Take P = (1,1) and ]@ =(—2,3).
1. Find point @
2. What is the length of }@ ?

3. Find a unit vector parallel to I@ .

1) We need
Q-P=PQ=(-23) (14)
from which we see that
Q=P+(-2,3) =(-1,4) (15)
2) |PO|| = /(-2 + 32 = VAT 0= 13
3) v = L9 _ (23
PG|~ VI3



Problem 6. Suppose that |v| = /2 and u is a vector such that the angle
between u and v is 7 radians.

1) What must the value of ||u| so that |[u+v| =5

2) Find the length of the orthogonal projection of u onto the line going
through v

1) Square both sides of the equation to obtain

lu+v|?=5 (16)

Now, notice that for any vector a-a = ||a|? so taking a = u 4 v the left hand side can
be rewritten as

T
(u+v)-(u+v)=u-u+2u-v+v-v=|ul®+2|ul|v] cos + [|v]|? (17)

By assumption ||v|| = v/2 so we must solve the equation

lul® +2]u] +2=5 (18)
or ,

[ul|” +2[juf| =3 =0 (19)

whose only positive solution is
[l =1 (20)

2) Using the formula in the PDF (page 11) we need to find
(u-v) _ |uffvlcosm/4 =1

_ _ _1 21
u HVH2V B V=3V (21)

S0
1 V2
gl = 2lvl = 22
Problem 7. Consider the points P = (1,2,0), Q@ = (-1,1,1) and R = (2,0,1).
a) Find the vectors PQ) and P
—Q-P=(-2-1,1)and PR=R— P = (1,-2,1)
b) Find the cross product 1@ (ﬁ%— 31@)

]@x(ﬁ%—?u@):@xﬁ%—B@x]@ ]@xﬁ (1,3,5) (23)

c) Find the area of the parallelogram whose sides are the vectors 2]@ and

3P
The area is simply

12PG x (—3PR)|| = 6]PQ x PR| = 6]|(1,3,5)] = 6- 35 (24)

Problem 8. a) Consider the points P = (1,2,1) and Q = (z,4,—z). Find the
value (or values) of z such that ’P@‘ =14



2
Squaring both sides we need to solve ’]@‘ = 14 which is the same as

(-1 44 —-2)2+(—z—1)2=14 (25)

and this gives the solution x = +2.
b) Using the value (or values) found in a), find the vector projection of ]@

along the vector v = (3,0,4), that is, find proj, P
We need to compute (page 11 PDF notes)

PQ-v_ _ (z—1)3+0(2)+(~x—1)4 -7
HVH2 V= 25 (3’0’4) - 7(37034) (26)

depending on the value of z, we obtain 5—?(3, 0,4) or 5—55(3, 0,4).



